Abstract-Linear modulation schemes such as phase shift keying (PSK) and quadrature amplitude modulation (QAM) are inherently spectrally efficient. The authors seek enhanced spectral efficiency by designing new spectrally efficient pulse shapes for such digital modulations. The pulses designed are of finite duration and exhibit zero intersymbol interference when received through an additive white Gaussian noise (AWGN) channel. The authors show that the resulting communications signals have optimal spectral roll-off while maintaining optimum bit error ratio performance when received via an AWGN channel. The bandwidths and power spectral densities of communications signals using these pulses are compared with traditional spectrally efficient communications signals.
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I. INTRODUCTION
High spectral efficiency is a concern of many high data rate wireless applications. Phase shift keying (PSK) and quadrature amplitude modulation (QAM) are inherently spectrally efficient. This spectral efficiency can be enhanced by increasing the number of bits per symbol (k) and by increasing the spectral efficiency of the underlying pulse shapes. Increasing k causes an undesirable reduction in bit error ratio performance and is not considered in this paper. Instead, the authors explore the second method by designing new spectrally efficient pulse shapes for such digital modulations. The pulses are designed by expressing an arbitrary pulse shape in terms of many unknowns, and solving for those unknowns by applying the appropriate constraints to guarantee finite duration of each pulse, zero intersymbol interference when received in an AWGN channel, and high spectral efficiency. Quantitative comparisons of power spectral densities are plotted showing the increased spectral efficiency of linear modulations with the proposed pulse shapes as compared to the conventional root raised cosine pulse shape.
The pulses designed are of finite duration and exhibit zero intersymbol interference when received via an additive white Gaussian noise (AWGN) channel. The authors prove that the resulting communications signals have optimal spectral roll-off and exhibit optimum bit error ratio performance when received via an AWGN channel. The bandwidths and power spectral densities of communications signals using these pulses are compared with the power spectral densities of communications signals using the conventional root raised cosine pulse shape.
A. Background
The complex envelope of many digital communications signals, including PSK and QAM can be conveniently expressed as 
Therefore, the spectral occupancy of x (t), including its spectral roll-off, can be controlled via design of the complex envelope pulse shaping filter, p(t).
It is widely known (e.g. [1] ), that symbol error ratio and bit error ratio (BER) performance for such a modulation scheme depend on the energy in the pulse shaping filter, p(t), but not on the shape of p(t). Therefore, many pulse shaping filters have been used for such signals, including the commonly used rectangular, root raised cosine, Gaussian, and the half-sine pulse shapes [1] , [2] , [3] , [4] . The rectangular pulse shape is not bandwidth efficient. The half-sine is more bandwidth efficient, but far from optimum. The root raised cosine and Gaussian pulse shapes are very bandwidth efficient in their infinite duration form, but they must be truncated to be realizable, thereby reducing their bandwidth efficiency.
B. Objective
We seek pulse shapes that are of finite time duration, exhibit zero intersymbol interference (ISI) when received via an AWGN channel, and are, in some sense, optimally bandwidth efficient. The senses of bandwidth efficiency that we consider in this paper are small first null bandwidth and steep spectral roll-off. In [5] , [6] , [7] , and [8] , pulses are considered that are both bandwidth efficient and of finite duration. [5] uses an approach for continuous phase modulation that is similar to the approach used here for PSK and QAM. The treatment in [6] and [7] is ad hoc, yielding sub-optimum results. [8] considers pulses of optimum bandwidth efficiency, but does not consider spectral roll-off. In this paper, we derive pulse shapes that are of finite duration, exhibit zero ISI, and have optimally steep spectral roll-off, and we compare the spectral occupancy of these pulses with those of the traditional bandwidth efficient pulse shapes. In addition, we examine eye diagrams using these pulses to develop intuition into the susceptibility of the proposed pulse shapes to jitter.
II. DEVELOPMENT
A. Pulse duration
To decrease the bandwidth of p(t), it is desirable to allow it to have a long duration in time. However, for the signal to be realizable, it is necessary that p(t) be of finite duration. Therefore, we set this duration to be gT seconds, i.e. p(t) = 0 V/t , [-gT/2, gT/2] where g is chosen to be a positive integer. The Fourier series supplies a sufficiently general way to express such a pulse shape: p(t) = p(t)rect (iT) (5) Therefore, (5) and (7) imply that the Fourier Transform of p(t) can be written as kmax P(f) = gT E cksinc(gTf -k) (8) k:=-kTnax Note that (8) implies that the first positive null in the pulse's spectrum occurs at f = (kmax + 1)/gT. Therefore, we can control the width of the central lobe of the spectrum by proper choice of kmax. As we will see, there is a tradeoff involved. Small kmax implies narrow bandwidth of the central lobe of the spectrum, but high kmax implies steep roll-off of the spectral side lobes.
B. Zero intersymbol interference
For optimal BER performance, we desire zero ISI when received by an optimum receiver via an AWGN channel. The decision statistic for data Dn for such an optimum receiver is (9) where r(t) = x(t) + n(t) is the received signal, x(t) is the transmitted signal defined in (2), and n(t) is the AWGN. Therefore, zero ISI and an arbitrary condition of unit pulse energy imply the pulse shapes must be shift orthonormal:
for all integers n where d is the Kronecker delta.
Since (5) implies that p(t -nT)p* (t) = 0 for all t whenever 1n2 > g, (10) yields g -1 distinct complex constraints and one real constraint on the coefficients ck [Note: (10) for n is redundant with (10) for -n]. These constraints are:
for n = 0, 1, 2, ..., g -1. where rect(t) = Therefore, small kmax improves the first null bandwidth while large kmax enhances spectral roll-off. If we insist that our pulse, p(t), be continuous, then N > 0. In this case kmax may be chosen as small as g/2 which corresponds to the minimum first null fi = (0.5 + 1/g)(/IT). Clearly, the limit of the first null bandwidth is 1/(2T) for very long duration pulses (i.e. large g). It is intuitively pleasing that this corresponds to the bandwidth of the minimum bandwidth, infinite duration pulse shape, p(t) = sinc(t/T).
III. PULSE DESIGN
To design a spectrally efficient pulse shape consistent with the above development, it is wise to determine the largest pulse duration, gT, that is practical, thereby determining g. Then, the designer should choose kmax according to the desired tradeoff between first null bandwidth and spectral roll-off, as discussed above. The next step is to solve for the coefficients Ck that satisfy (11), (14), and (15). Equations (11) This is the only example in this paper for which the solution is exact and analytically obtained. The simultaneous solution of (11), (14), and (15) yields (c_i,co,ci) = (1,2,1)/76. Substituting this result into (5) and (8) yields p(t) and P(f) 2, which are shown in Figure 1 . This example is for illustrative purposes only, as the short duration of the pulse significantly limits its spectral efficiency.
B. Pulse with duration = 5T, kmax = 4
The simultaneous solution of (11) (5) and (8) yields a real p(t) and P(f) 2, which are shown in Figure 2 . Note, in this case that the first null bandwidth is 1/T as predicted by (16) and the spectral roll-off is -100 dB/decade, as predicted by (17). This is a good example of sacrificing first null bandwidth for improved spectral roll-off.
C. Pulse with duration = 8T, kmax = 5
The simultaneous solution of (11) Note, in this case that the first null bandwidth is 0.75/T as predicted by (16) and the spectral roll-off is -80 dB/decade, as predicted by (17). This is a good example of fairly even balance in the first null bandwidth vs. spectral roll-off tradeoff.
Not discussed before this point, but deserving of some attention is the topic of susceptibility to jitter. The p(t) = sinc(t/T) pulse has ideal spectral properties, but is not used, even in truncated form, in practical systems due to its sensitivity to jitter [2] . Sensitivity to jitter is analyzed heuristically by examining the eye diagram for the waveform. The eye diagram is a plot of the matched filter output as a function of time for all possible data sequences superimposed upon one another. For a zero-ISI waveform with binary antipodal modulation (i.e. D[n] = ±1), the normalized eye pattern will take on values ±1 at the sample times (i.e. when t is an integer multiple of T). If the magnitude of the normalized decision statistic remains large in a neighborhood of, say at least ±.3T around the integer multiples of T, then the eye pattern will resemble an open eye and the susceptibility to jitter is low (since timing errors of less than ±.3T are unlikely to cause decision errors without excessive noise). Figure 4 indicates that for a waveform based on this pulse, susceptibility to jitter should be low.
D. others
Of course the above are three examples selected from infinitely many possibilities. As the duration of the pulse, gT, is increased, the possibilities for increased spectral efficiency improve further. For example, for g = 20, kmax can be as IV. CONCLUSION In this paper, the authors show a methodology to design finite duration pulses with first null bandwidths between half the symbol rate (0.5/T) and the symbol rate (1/T) and to achieve the optimum spectral roll-off for a given first null 4/5 bandwidth. These pulses would be useful in any PSK or QAM system. The methodology is very general and can result in an infinite number of combinations of pulse durations, first null bandwidths, and spectral roll-offs, giving the designer a large trade space in which to trade one parameter against another to achieve design goals. Three examples were given, with excellent combinations of first null bandwidths and spectral roll-off. The spectral occupancy of these pulses were compared with root raised cosine pulses truncated to the same length with favorable results.
Since (11) is quadratic in ck and since our solutions are only approximate, there is no guarantee, and indeed it is unlikely, that the solutions presented herein are unique. More work is needed to determine if simpler pulses can match the spectral desirability of those found in section III, for the same pulse duration (gT) and the same number of Fourier components (2kmax + 1). Also of interest would be investigation into the application of the additional constraint of low variation of instantaneous power, due to the effects of non-linear power amplifiers, as found in many communications systems.
